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Abstract. The paper is aimed at the possibility of increasing in maximal drawbar pull of tractor 

working on the soil. The increasing in drawbar pull occurred due to a special wheels mounted 

on drive axle. The special wheels were equipped with auto-extensible blades and designed in 

Slovak university of agriculture in Nitra. The main advantage of the special wheels is the 

automatic extension of steel blades to increase the drawbar pull during a wheel slip and 

automatic return to the base position to allow the transport of tractor by the route. The testing 

operation points at the increase in drawbar pull resulting in decrease of wheel slip. A drawbar 

pull of tractor equipped with standard tires and special wheels was compared on the different 

soil moisture condition. The higher increasing in drawbar pull was measured during the tractor 

operation on the soil with higher moisture in comparison the soil with lower moisture level. In 

case of soil moisture 14% the increase in drawbar pull of tractor equipped with special wheels 

reached the value 17.2% in compare with standard tires. Using the special wheels on the same 

field with higher level of soil moisture 22% the increase in drawbar pull reached the value 

36.1% in compare with standard tires. 

 

Key words: tractor wheels, soil moisture, drawbar pull, wheel slip. 

 

INTRODUCTION  

 

The testing of tractors used in agriculture is continuously increasing because these 

machines directly influence the results of agricultural production. Agricultural tractors 

are losing a lot of energy by the slip of driving wheels. To reduce the tyre slip, tractors 

are loaded with a heavy weight, which increases the drawbar pull but excessively 

increases soil compaction and tyre wear on a hard surface (Semetko et al., 2004). 

Nowadays, diesel oil and petroleum products belong to the most used fuels. 

Unfortunately, fossil fuels are non-renewable and exhaustible sources of energy 

(M¿llerov§ et al., 2012). The increase of tractor drawbar pull influences the fuel 

consumption and emissions of exhaust gases. 

The drawbar pull, travel reduction (slip), and rolling resistance are the main 

criteria to describe the traction behaviour of off road vehicles. Besides the engine 

performance, the drawbar pull is influenced by the traction conditions such as soil and 

the tire parameters (Schreiber & Kutzbach, 2008). 

The drawbar pull of tractor is influenced by various factors. Very significant 

parameter influencing the drawbar pull is a tire pressure. Nor®us & Trigell (2008) 

mailto:tomasko.sima@gmail.com
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realized the measurement of drawbar pull at various tire pressure. The test showed 

that the drawbar pull is vastly improved at lower tire pressure. 

Dabrowsky et al. (2006) realized the tests of terrain vehicle equipped with 

different tire types. All-season tyres installed in a military truck provide slightly better 

traction for both terrain surfaces, at all three loading levels, or the differences between 

traction measures are not significant. Soil stress analysis showed that the difference 

between the two tread patterns is not significant. Generally, on soft surfaces all-season 

tyres performed no worse than snow tyres, while they are pronouncedly better for 

highway use. 

Sºhne (1968) & Sonnen (1969) compered two and four wheel drive for 

agricultural tractors. It was found that the tractor with four-wheel drive achieves better 

drawbar performance in compare tractor with rear wheel drive. It is concluded that as 

tractor power increases and as soil becomes weaker and less frictional, then the balance 

of advantage changes from two wheel to four wheel drive. The type of tires is the next 

important factor to increase the drawbar pull and influence tractive performance, as 

well as soil stresses under a vehicle. Soil compaction caused by agricultural machinery 

is important factor which affects soil infiltration rate (Kriġtof et al., 2010), carbon 

dioxide (Ġima & DubeŔov§, 2013) and nitrous oxide (Ġima et al., 2013) flux from soils 

and therefore has significant environmental effect. 

The results of a theoretical analysis reveal that, for a four-wheel-drive tractor to 

achieve the optimum tractive performance under a given operating condition, the thrust 

(or driving torque) distribution between the front and rear axles should be such that the 

slips of the front and rear tyres are equal. Field test data confirm the theoretical 

findings that, when the theoretical speed ratio is equal to 1, the efficiency of slip and 

tractive efficiency reach their respective peaks, the fuel consumption per unit drawbar 

power reaches a minimum, and the overall tractive performance is at an optimum 

(Wong et al., 1998). 

Force interaction between tractor drive wheels and ground (soil, grass plot, route 

etc.) limits a maximum drawbar pull of wheels tractors. Mainly an atmospheric 

exposure such as rainfall or snow increases the ground moisture resulting in wheel slip 

and decrease of drawbar pull. In the past, various measures to increase the drawbar pull 

of wheel tractor have been implemented and published. Some measures are used in 

practice but many concepts were not successful. This paper presents a new method to 

increase the drawbar pull of wheel tractors. It is a device that is mounted on the drive 

wheels of the tractor. The device reduces wheel slip especially in poor traction 

conditions and thus increases the drawbar pull and also eliminates the undesirable 

effects of the wheels on the soil. The device could be also suitable for terrain, army or 

forest vehicles under poor traction conditions. The research presented in this paper is 

aimed at the increase of drawbar pull using the special wheels designed on Slovak 

agriculture university in Nitra 

 

MATERIAL AND METHODS  

 

To compare standard tires and special wheels the measurements of drawbar pull 

were realized on the same field at different soil moisture on October 2010 and 2012. In 

these years cucumbers were grown on the field. Remains of cucumber plants were 
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taken away so the next to nothing covered the soil. There were a negligible amount of 

very small stones. The field was ready for autumn tillage. The difference soil moisture 

results in different rainfall in year 2010 and 2012. Tractor type Mini 070 was used to 

compare the standard tires and special wheel equipped with auto-extension steel 

blades. Tractor was braked by the second tractor during the measurement of drawbar 

pull. The maximum drawbar pull was reached at the 100% wheel slip. 

 

Design of special wheels equipped with auto-extensible blades 

Wheels equipped with auto-extensible blades have been developed at the 

Department of Transport and Handling for the rear driving wheels of a tractor 

MINI  070. Wheels equipped with auto-extensible blades were designed according to 

the work published by Sloboda et al. (2008). A big advantage is that they do not have 

to be removed from the tractor when passing on the road and also that they are 

automatically extended when the tractor driving wheels are slipping. Re-folding of 

driving blades occurs with the reverse movement of the tractor. The tractor needs not 

be equipped with additional load weights because they are replaced by wheels 

equipped with auto-extensible blades. Wheels equipped with auto-extensible blades are 

mounted to the wheel disc, and according to Fig. 1, they consist of the following parts. 

 

 
 

Figure 1. Wheels equipped with auto-extensible blades: 1 ï support tube, 2 ï locking tab, 3 ï 

bracket fastening the mechanism to the wheel disc, 4 ï spacer plates, 5 ï blade, 6 ï driving disc, 

7 ï blade control disc, 8 ï guide pin, 9 ï locking hole, 10 ï blade pin, 11 ï buffer plate. 

 

A support tube (1) is a basic part of the whole mechanism. It enables the 

remaining parts of the whole mechanism to be attached to each other. On the support 

tube, there are welded three locking tabs (2), three brackets (3) by which the whole 

mechanism is connected to the tractor wheel, and a driving disc (6) containing 

blades (5) mounted by means of ten pins. On the support tube, there are also welded 

spacer plates (4) through which the mechanism position is centred with respect to the 

tractor wheel disc. After the driving disc (6), the support tube contains a freely rotating 

disc for the control of blades (7). The blade control disc contains on its circumference 

twenty pressed guide pins by means of which blades move into the extended and 

retracted positions. On the other side of the blade control disc, there are four locking 

holes (9) to fix the position of blades in the retracted position. Three buffer plates (11), 

attached by six screws to the locking tabs (2), fix the blade control disc on the support 

tube. 
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The measurement of drawbar pull 

The drawbar pull measurement of the tractor type Mini 070 (Fig. 3) equipped 

with different wheels was performed by means of a tensometric force sensor marked as 

150 EMS, as shown in Fig. 2. The force sensor is connected between the loading 

tractor T4K10 and the tractor type Mini 070 through a chain. A portable recording unit 

HMG 2020 (Hydac GmbH, Germany) was used to record electrical signals from the 

force sensor. A description of HMG 2020 is presented in the work published by 

Drabant et al. (2003). The tractor type Mini was set on the first gear (I gear) during the 

measurement. 

 

HMG 

2020

1

32 EMS

150

PS 01
UANS

+12V +24 V

PC

 
 

Figure 2. System for measurement of tractor drawbar pulls: 1 ï force sensor EMS 150, 2 ï 

tractor type Mini 070 equipped with different wheel types, 3 ï loading tractor type T4K10, 

HMG 2020 ï digital portable recording device, UANS ï universal battery source, PC ï personal 

computer, PS 01 ï junction box. 

 

 
 

Figure 3. The tractor type Mini 070 equiped with standard tires and special wheels. 

 

Technical parameters and apecification of tractor type Mini 070 equiped with 

different wheels types and the tractor type T4K10 used to brake the first one are listed 

in Table 1 and 2. 
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The rear drive wheels of tractor type Mini 070 were equipped with tyres type TS 

790 ï 6.15/155 ï 14 ï 4PR, 2 pliesnylon + 1 plynylon and chemlon made by company 

Barum (Barum a. s. Czech republic). 
 

Table 1. Specifications of the tractor type Mini 070 

Year of manufacture 1989 

Construction weight 310 kg 

Driving speed 

at rated engine speed 

3,600 rpm 

 

1st gear 1.53 km h
-1 

2nd gear 2.72 km h
-1 

3rd gear 4.96 km h
-1 

4th gear 14.40 km h
-1 

Clutch Dry, single plate, with direct mechanical shutoff 

Engine 

Petrol, four-stroke, air-cooled Briggs & Stratton 

Number of cylinders 1 

Displacement 400 cm
3 

Max. performance / rotation speed 8 kW / 3,600 rpm 

 

Table 2. Specifications of the tractor type T4K10 

Year of manufacture 1966 

Construction weight  820 kg 

Engine 

Two-stroke, air-cooled diesel 

Number of cylinders 1 

Displacement 900 cm
3 

Max. performance 10 kW 

 

Statistical proceeding of measured values 

The measurements of drawbar pull were realized during the time 2.8 second. The 

sampling frequency 20 Hz was set on portable recording device to obtain the high 

precision results. Therefore the measured data-set consists of 56 values. The final mean 

value of drawbar pull was calculated from data file by using the 50 values. The first 6 

values represent the increase in drawbar pull and therefore they didnôt use to calculate 

mean value. The measurements of drawbar pull were replicated several times. Tractor 

was braked along the field length 100 m. In this paper the results from 3 measurements 

of drawbar pull are presented. During the drawbar pull measurement the data-set were 

obtained and statistical processed by use the mean value. 

The mean value A of drawbar pull was calculated by using the arithmetic mean: 
 

ä
=

=
n

i

ia
n

A
1

1
 (1) 

 

where: n ï data-set extent; ai ï variable at the i index of a data-set, N. 

 

The coefficient of variation Cv was used to express a measure of the dispersion of 

data points in a data series around the mean: 

A

ů
Cv= 100 (2) 
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where: ů ï standard deviation, N; A ï mean, N. 

 

Bulk weight ɟw of soil was determined by using gravimetric method according to 

standard STN 72 1010:  
 

V

m
ɟ 1

w =  (3) 

 

where: m1 ï weight of soil volume, g; V ï volume of soil, cm
3
. 

 

The soil moisture was calculated according to standard STN 46 5321 after drying 

at 105 ÁC: 
 

100
2

1

m

m
w=  (4) 

 

where m2 ï weight of soil after drying, g. 

 

RESULTS AND DISCUSION 
 

The measurement of drawbar pull was realized on the field with area 

approximately 2,000 m
2
. The measurements were carried out on soil type chernozem. 

There were soil moisture w = 22% and average soil bulk density ɟw = 1.33 g cm
-3 

in 

the year 2010. In the year 2012 the measurement were realized at soil moisture 

w = 14% and average soil bulk density ɟw = 1.51 g cm
-3
. The penetrometrical 

resistance was measured by mechanical penetrometer and shown in Fig. 4. 
 

 
 

Figure 4. Penetrometrical resistance in the same field at diferent soil moisture. 
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Figure 5. The comparison of special wheels and standard tyres on the basis of drawbar pull 

measured at soil moisture w = 14%. 

 

 
 

Figure 6. The comparison of special wheels and standard tyres on the basis of drawbar pull 

measured at soil moisture w = 22%. 
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The measurements of drawbar pull at soil moisture w = 14% and w = 22% shows 

the increase in drawbar pull due to the use of special wheels equipped with auto-

extensible steel blades. 
 

 
 

Figure 7. The final comparison of special wheels and tyres installed in tractor. 

 

 

The measurements were realized on October in year 2010 and 2012 because the 

soil is prepared to autumn tillage in this time. Tillage is the one of the operation 

requiring the high drawbar pull of tractor. Fig. 5 and 6 shows the course of drawbar 

pull at different soil moistures. The measured data and mean of drawbar pull are listed 

in table 3. The final comparison of special wheels and tires is shown in Fig. 7. The 

results show that the increase of drawbar pull reached value 17.2% at the soil moisture 

w =  14% and 36.1% at soil moisture w =  22%. Therefore, at higher soil moisture the 

special wheels show the better properties in compare with standard tyres. The special 

wheels can be used to increase drawbar pull or eliminate the wheels slip and therefor 

reduce the fuel consumption and soil damage. 
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Table 3. The measured values and mean of drawbar pull 

 

CONCLUSION 

 

The comparison of special wheels equipped with auto-extensible steel blades and 

standard tire was realized on the basis of drawbar pull measurement. The 

measurements were carried out in October in the year 2010 and 2012 on chernozem 

soil type in the same area of botanical gardens SPU The year 2010 was extremely dry 

while the year 2012 was an average year. The drawbar pull of small tractor type Mini 

070 equipped with standard tyres and special wheels was measured at slip due to 

braking by using the second tractor type T4-K10. The special wheels can be used on 

 Special wheels Standard tyres 

Soil 

moisture 
14% 22% 14% 22% 

T
h

e
 m

e
a

s
u

re
d

 v
a

lu
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s
 o

f 
d

ra
w

b
a

r 
p

u
ll,

 N
 

3042.4 3591.0 2073.8 2445.0 2940.1 3100.9 1503.8 1520.0 

3576.0 3401.5 2340.0 2568.8 2923.7 3095.3 1793.8 1535.0 

4049.9 3416.4 2583.8 2557.5 2940.1 3077.0 1767.5 1531.3 

3980.0 3461.3 2632.5 2505.0 3011.3 2962.0 1752.5 1520.0 

3725.7 3501.2 2538.8 2542.5 3044.1 2874.4 1741.3 1501.3 

3446.4 3421.4 2497.5 2700.0 3033.2 2874.4 1730.0 1512.5 

3591.0 3446.4 2520.0 2700.0 3027.7 2923.7 1722.5 1542.5 

3855.3 3640.9 2493.8 2726.3 3055.1 2994.8 1700.0 1583.8 

3625.9 3840.4 2467.5 2726.3 3087.9 3033.2 1692.5 1595.0 

3331.7 3810.5 2351.3 2557.5 3027.7 3027.7 1681.3 1613.8 

3376.5 3710.7 2340.0 2568.8 2978.4 2967.5 1692.5 1628.8 

3625.9 3725.7 2370.0 2673.8 3016.7 2978.4 1711.3 1666.3 

3556.1 3880.3 2433.8 2726.3 3131.7 2978.4 1711.3 1680.0 

3416.4 3955.1 2456.3 2538.8 3098.5 3093.4 1688.8 1665.0 

3401.5 3880.3 2441.3 2505.0 3075.2 3098.2 1666.3 1608.8 

3625.9 3810.5 2508.8 2726.3 3095.8 3060.1 1651.3 1563.8 

3745.6 3800.5 2685.0 2700.0 3087.9 3075.3 1658.8 1526.3 

3625.9 3755.6 2790.0 2737.5 3016.7 3077.0 1681.3 1548.8 

3591.0 3571.1 2737.5 2775.0 3093.4 2962.0 1688.8 1556.3 

3725.7 3501.2 2591.3 2700.0 3186.5 2874.4 1681.3 1522.5 

3980.0 3591.0 2572.5 2377.5 3181.0 2874.4 1670.0 1503.8 

3970.1 3640.9 2253.8 2591.3 3077.0 2923.7 1640.0 1575.0 

3780.5 3591.0 2632.5 2235.0 2978.4 2994.8 1613.8 1590.0 

3645.9 3591.0 2602.5 2688.8 2978.4 3033.2 1583.8 1586.3 

3715.7 3591.0 2452.5 2212.5 3093.4 3027.7 1553.8 1631.3 

Mean, N 3653.10 2544.19 3025.29 1625.76 

Cv, % 4.94 5.89 2.51 4.80 
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larger tractors too. The main advantage of the special wheels is the easy using in case 

of tractor wheel slip. Backward driving after the field operation returns the special 

wheels to the base position for transportation on the route. In case of soil moisture 14% 

the increase in drawbar pull of tractor equipped with special wheels reached the value 

17.2% in compare with standard tires. Using the special wheels on the same field with 

higher level of soil moisture 22% the increase in drawbar pull reached the value 36.1% 

in compare with standard tires. 
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Abstract. A tractor simulator was made for hard tillage work. The aim of the simulator was to 

have it in national language and that it is easy to use. There are tractor simulators available but 

they are mainly made for different conditions than we have and they are also in languages not 

common to our farmers. The simulator user can interactively experiment how working depth 

and ï width, soil conditions, ballasting and driving speed effect on wheel slip, field capacity and 

fuel consumption l ha
-1
. The simulator also shows how complicated a tractor ï implement 

system is. Because the soil conditions and implement conditions are varying there can be large 

scatter in the results. 

 

Key words: tractor, implement, field capacity, fuel efficiency. 

 

INTRODUCTION  

 

The purpose of the simulation was to demonstrate how tractor performance 

changes in heavy tillage work. With this simulator farmers and students can 

experiment how tractor size, implement size, working depth, driving gear, soil 

conditions and ballasting effect on fuel consumption, wheel slip and work rate. 

There have been several tractor simulators available but these are focused on 

special subjects, for instance tyres (Al-Hamed et al., 1994) and ballasting (Evans et al., 

1989). There are not many simulators available to simulate the tractor performance 

during heavy draft work. Grisso et al. (2007) made software, which selects either 

suitable implement for a tractor or a suitable tractor for an implement. The software is 

done with spreadsheet program and it calculates field capacity and fuel consumption in 

l ha
-1
. Also it includes tyre inflation and ballast options. A simulator based on this can 

be downloaded at http://www.bae.ksu.edu/precisionag/index_files/Page832.htm 

(31.1.2014) and a Google Android Application is also available at Google Store. 

Buckmaster & Beheshi Tabar (2013) made for educational purposes a spreadsheet 

program, where laboratory work and modelling allow virtual experimenting tractor-

implement performance. Abdulrahman & Saad (2002) made a program, which 

calculates the performance of tractor-implement system. It was developed to use in 

farm machinery management and educational and research purposes. The program 

calculates the optimum field speed that matches to the pull of a tractor and shows the 

performance of the system. 

The aim of this study was to develop a tool, where the user could interactively 

change the implement parameters and choose in this way the optimum parameters for 

the work. It also includes fuel consumption figures so that the user can see besides field 

mailto:2jukka.ahokas@helsinki.fi
mailto:2tapani.jokiniemi@helsinki.fi
mailto:2tapani.jokiniemi@helsinki.fi
http://www.bae.ksu.edu/precisionag/index_files/Page832.htm
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capacity also fuel consumption l ha
-1
. The program was done in Finnish language and 

also a translation in English and Estonian languages are available. The simulator was 

done with a spreadsheet program, and the aim was to keep the file size small and the 

interactivity high. 

 

MATERIALS AND METHODS  

 

Implement draft forces 

The simulator was done only for heavy tillage work. In practice, if the size of the 

tractor and the implement are matched correctly, tillage is done with engine throttle set 

to full speed. Normally tractor engine performance measurement in tractor tests is only 

done with full speed and this information from test reports can be used in the 

simulation. 

In heavy tillage the implement draft force depends on soil conditions, tillage 

depth, implement width and driving speed. The implement draft force was calculated 

with equation 1, where Fx is the draught force, Si is a coefficient for the soil type, A, B 

and C are implement related coefficients and v is the driving speed (km h
-1
), t is the 

working depth (m) and b (m) is the working width. This equation is widely used in 

implement draft and power calculations and it is given in standard ASAE D497 (ASAE 

D497). Also coefficient values can be found in the standard. 

 

( ) btvCvBASF ix ÖÖÖ+Ö+= 2
 (1) 

 

The coefficients used in the simulation can be found in table 1. The ploughing 

coefficients were taken from ASAE D497 standard. The S-tine coefficients are based 

on own experiments. ASAE D497 coefficients were not used for S-tine because they 

do not include working depth information. The S-tine harrow can have different 

options, such as levelling plates or roller. Also it has normally supporting wheels. For 

the calculations only supporting wheel resistance was included and value of 0.3 kN m
-1
 

was used. 

 
Table 1. Draft coefficients in ploughing and for one s-tine 

Implement A 

kN m
-2 

B 

kN h (m
2
 km)

-1 
C 

kN h
2
 (m

2
 km

2
)
-1 

    S
* 

Moldboard plough 

(ASAE D497) 
65.2  0  0.51 

S1 = 1 

S2 = 0,7 

S1 = 45 

S-tine (single), 

organic soils 
0.96  0.081  0 1 

S-tine (single), 

loamy soils 
0.86  0.347  0 1 

*
S1 is fine clay soil, S2 is medium texture loamy soils and S3 is coarse texture sandy soil 

 

It is assumed that S-tine harrow is pulled with horizontal force, which means that 

there is no weight transfer from the harrow to the tractor. Plough, on the other hand, 

may be mounted, semi-mounted or pulled. The amount of weight transfer depends on 

the plough condition, mounting type and so il resistance and only an estimate can be 
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given. The simulation can be calculated with four different estimates from zero to 30% 

weight transfer from the plough on the tractor. For the plough weight transfer 

calculations it was assumed that a mounted reversible plough was in use. The weight of 

the plough and weight transfer is taken into account with this type of plough. 

ASAE D497 standard states that the variation of the force can be quite high. For 

instance in ploughing it can be 50% from the calculated value depending on the 

implement type, condition and soil condition. 

 

Tractor pulling force  

The implement requires a pulling force from the tractor and also the tractor 

requires its own rolling force. The soil in the simulation was divided into three 

different categories, hard, normal and soft. The corresponding rolling resistance 

coefficients were 0.06 on hard soil, 0.1 on normal soil and 0.15 on soft soil (Renius, 

1999). The traction coefficients depend on wheel slip and the values were taken from 

the values given by Renius, Fig. 1. 
 

 
 

Figure 1. Coefficient of traction as a function of slip on three different soil types (Renius, 1999). 

 

In the simulation we calculate first the necessary traction coefficient and from that 

we solve the wheel slip. This was done using an exponential equation 2, where A and B 

are soil dependant coefficients, which were calculated from Fig. 1 curves. 

 
mBAes=  (2) 

 

The pulling force of a four wheel driven tractor is given in equation 3, where Õ is 

the coefficient of traction, f is the coefficient of rolling resistance G is the weight of the 

tractor and Ŭ is the slope. 

 

aam sincos)( GGfFp °-=  (3) 
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In calculations we must first calculate the traction coefficient value, which means 

that we have to solve equation 3 for Õ. After that we can calculate wheel slip with 

equation 2. In four wheel driven tractor we assume that traction of every wheel is about 

the same. The front and rear wheels are in agricultural tractors mechanically connected 

without differential between the axles. This means that we can consider the tractor as 

one traction unit and we do not have to calculate traction for each wheel independently. 

Traction coefficient Õ is the wheel traction force Fn divided by the wheel load R. 

Because we are handling tractor as one unit, traction coefficient can be determined 

with equation 4, where Fn is the sum of wheel traction forces (four wheel driven 

tractor) and G is the weight of the tractor. 
 

G

Fn=m  (4) 

 

Fn is the sum wheel traction forces and G is the weight of tractor. We must solve 

the wheel traction force Fn from this equation. With this force and wheel driving radius 

r we can calculate the torque of the driven axles and with the transmission gear ratio 

I we can calculate the engine torque T, equation 5. 

 

irRirFT n ÖÖÖ=ÖÖ= m  (5) 

 

Extra ballast will increase the tractor weight and increase traction force, which in 

turn decreases wheel slip and improves performance. In four wheel driven tractors rear 

wheel or front weights act on the same way when front and rear wheel traction is 

assumed to be equal. For this reason the simulator needs only the total ballast amount 

regardless if it is on rear or front of the tractor. 

 

Engine characteristics 
When the needed engine torque is known (equation 5), we can calculate the 

engine operating point. For this we need the tractor power curve. These we can find in 

different tractor test reports. For instance OECD tractor test results can be found at 

http://www2.oecd.org/agr-coddb/index_en.asp, Nebraska test reports can be found at 

http://tractortestlab.unl.edu/testreports.htm and DLG test reports at 

http://www.dlg.org/tractors.html. Beside these some agricultural journals also publish 

their own test data. We need in minimum six data point from the power curve, Fig. 2 

shows an example tractor power curve. 

The operating point is found after we have calculated the engine torque. Example 

in Fig. 2 shows that if we need a torque of 350 Nm, the corresponding engine speed is 

1,900 1 min
-1
 and the fuel consumption is 22 l h

-1
. Also we can see that the power 

taken from the engine is 68 kW and the specific fuel consumption is 290 g (kWh)
-1
. 

In simulation the operating point falls in most cases between two measured 

points. Then the point is calculated from the adjacent measured points with linear 

interpolation. 

 

 

http://tractortestlab.unl.edu/testreports.htm
http://www.dlg.org/tractors.html
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Figure 2. Example of tractor engine characteristics (Valtra T 140). 

 

 

Work rate and work specific fuel consumption 

The driving speed and fuel consumption ql (l h
1
) do not reveal how efficiently the 

work is done. The work rate can be calculated from the implement width and driving 

speed, equation 6. 

 

[ ] [ ][]
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-
-

 (6) 

 

Fuel consumption per worked area qf can now be calculated with equation 7. 

 

[ ] [ ]
[ ]1

1
1

 

 
 

-

-
- =

hhaq

hlq
halq

A

l
f  (7) 

 

 



22 

RESULTS 

 

The simulator was done with Excel spreadsheet program. Besides spreadsheet 

calculations also user defined functions were used and they were done with visual 

basic. Fig. 3 shows the tractor information fill in form. 

 

 
 

Figure 3. Tractor information is given by filling in the green coloured cells. 

 

 

When the tractor information is filled in it is possible to choose from the 

spreadsheet tab if ploughing or S-tine harrowing is simulated. Fig. 4 shows an example 

of simulation in ploughing. Different conditions can be tested by changing the plough, 

soil and tractor characteristics. If the tractor gear is improper and the engine stops, then 

a message is shown on the left side of the results. On the last column is shown the slip 

value importance. Normally 10ï20% slip gives best traction efficiency. If slip exceeds 

20% there is a danger of rut deformation on the field, which will destroy the soil 

structure. 
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Figure 4. Simulation of ploughing. 

 

 

Fig. 5 shows an example of ploughing result. The minimum fuel consumption is 

gained with gears M3L and M2H while the maximum work rate is gained with gears 

M4L, M3H or H1L. Wheel slip is however high with these gears, which means that the 

tractor needs more ballast. It is also common that the minimum fuel consumption and 

maximum work rate do not occur with the same gear. 

 

 
 

Figure 5. Result from ploughing simulation. 
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CONCLUSIONS 

 

Tractor simulator was programmed in Excel spreadsheet. Users can experiment 

with their own tractor and implement and see how different adjustments and conditions 

affect on the operation parameters in hard tillage work. 

The spreadsheet program was chosen because it is commonly used and it is easy 

to make calculations in it. However, simulation in this environment has some 

restrictions and it would be easier to make it in normal programming language. The 

restrictions in the spreadsheet programming occur especially when there are several 

choices to make or the results should be chosen depending on different conditions. 

There can be lot of variation in the soil conditions as well as in implement type 

and function. This means that the assumptions and simplifications made in the 

simulator calculations do not have much influence on the results because more 

variation is caused by the soil, implement and tractor parameters. 
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Abstract. The article focuses on the selection of constructive and kinematics parameters of the 

picking device intended for picking lowbush blueberry, cultivated on milled peat fields. The 

constructive parameters of the picking device are reel radius, the height of the picking deviceôs 

axis of rotation from the ground, the number of picking rakes (or the displacement angle of 

neighbouring rakes) and the angle of inclination of rake teeth in relation to the upward 

direction. The kinematics parameters include the angular speed of the picking reel, the machine 

velocity and the kinematics number. 

 

Key words: agricultural engineering, blueberry harvester, picking reel, constructive and 

kinematics parameters. 

 

INTRODUCTION  

 

Lowbush blueberries, the height of which is between 10é60 cm depending on 

the variety and the berries of which ripen more or less at the same time (Starast et. al, 

2005; Strik, 2009), could be harvested most reasonably with a machine, where the 

functional working unit is a drum or a picking reel (Olt & Kªis, 2006). Picking rake 

contains teeth attached to the axis of rotation (Olt & Arak, 2012). Blueberries do not 

ripen after harvesting and therefore the berries have to be picked at their full maturity 

(Albert et al., 2009). Ripened blueberries do not defoliate easily and could thus stay on 

the bush ca 10 days when ripened (Starast et. al, 2009). 

The principle layout of the blueberry harvester has been presented in Fig. 1. It is 

the so-called rough harvester, i.e. the additives of the blueberry harvester (leaves, 

pieces of stems and peat, etc) and bruised berries are not separated from the berry 

mixture. Thus, the technological operations of the blueberry harvester comprise 

removing the berries harmlessly from the stems and collecting the berries into berry 

boxes or containers, meant for handling. 

Picking reel 3 contains picking rakes 12 that have been attached to the axes 

between side discs; rake teeth 13 have been rigidly attached to the picking rakes. 

Berries are separated from the stems with the help of rake teeth 13 that are put into 

motion through the blueberry stems. The diameter of the rake teeth 13 is 5 mm and 

their interval from each other on the picking rake 6 is 8 mm. 
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Figure 1. Main assemblies and parts of a motoblock-type harvester (Patent EE05488 B1): 1 ï 

engine, 2 ï power transmission elements, 3 ï picking reel, 4 ï conveyor, 5 ï chute, 6 ï berry 

box, 7 ï copying unit, 8 ï frame, 9 ï steering levers, 10 ï wheels, 11 ï reel shaft, 12 ï picking 

rake, 13 ï rake tooth, 14 ï hook spring-tine. 

 

MATERIALS AND  METHODS 

 

The article studies the constructive parameters of the picking reel of the blueberry 

harvester: radius rA, the height of the picking reel shaft from the ground H, (Fig. 2) the 

number of picking rakes z (or the angle of displacement of neighbouring rakes) and the 

angle of inclination of the rake teeth of the picking rake g in relation to the vertical 

direction, as well as the angular speed of the kinematic parametersô picking reel ɤr, 

velocity of the machine vm, and the selection principles of the kinematic indication 

number ɚ. 

The picking reel 3 is a parallelogram reel, which is characterised by the fact that 

the rake tooth 13 of the picking rake 12 is located with a permanent (constant) rake 

angle toward the ground, and, thus, the following condition has to be followed  

 

ȿȿ  ȟ (1) 

 

where: ɤr ï the angular speed of the picking reel 3; ɤp ï the angular speed of the 

picking rake 12. 

 

The rake angle g of the rake teeth 13 of the picking rake 12 can be changed 

according to need. 

The picking rake 12 participates in unitary movement: linear moving with the 

machine and rotary relative movement around the horizontal axis. According to the 

scheme presented in Fig. 2, the coordinates of point B, the free tip of the rake teeth of 

the picking reel are expressed as follows: 

 

x(t) = vmÖt + rAÖcosj  ï lpsinɔ; (2) 

 

y(t) = 0; (3) 
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z(t) =  ï rAÖsinj ï lpcosɔ; (4) 

 

where: vm ï speed of the blueberry harvester; rA ï radius of the picking reel 3 (the 

distance of the centre-axle A of the picking rake from the axis of rotation O of the 

picking reel); j = ɤrt  ï angle of rotation of the picking reel; ɤr ï angular speed of the 

picking reel; ɔ ï rake angle of the picking rake teeth; ɔ = const; ɓ ï the angle 

characterising the position of the picking rake; ɓ Í const; lp ï length of the picking rake 

teeth; t ï time. 

 

 
 

Figure 2. Calculation scheme for compiling equations of the trajectory of picking reelôs rakes 

and for determining the height of the picking reel shaft from the ground: 3 ï picking reel, 12 ï 

picking rake, 13 ï rake teeth, 15 ï blueberry plant.  

 

The trajectory of the picking reel has been studied by Heinloo (2007), but in this 

case we are not interested in the trajectory of the picking reel and the picking rake. 

Nevertheless, some important analytical relations for the technological calculation of 

the picking reel can be indicated with the trajectory equations (2, 3, 4). Firstly, this 

includes a relation for the selection of the rotational speed of the picking reel. So that 

the picking of berries could at all occur, the following condition has to be met: 

ὺ
Ὠὼ

Ὠὸ
πȟ 
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Thus, after differentiation of the first equation (2) according to time t, the result is 

 

ὺ ὶÓÉÎὸ πȢ (5) 

 

Dividing the inequality (5) with the machine velocity vm and marking ɚ = ɤrrA/vm, 

which indicates the kinematic indication number of the picking reel, the result is 

 

‗
ρ

ÓÉÎὸ
 Ȣ 

 

That is, calculating that the maximum value of sine is 1, then ɚ > 1, whereas the 

value of ɚ changes practically in the limit of ɚ å 2é2.5, and the absolute velocity of 

the picking reel is expressed as follows: 

 

ὺ ὺ ρ ‗ ς‗ÓÉÎὸȟ (6) 

 

and the angular velocity of the picking reel ɤr is expressed thus: 

 


‗Ͻὺ

ὶ
Ȣ (7) 

 

As this is a motoblock-type machine, the machine velocity vm is limited with the 

operatorôs velocity, that is, vm  ̓1 m s
-1
. The velocity of the machine prototype is 

changeable in the interval of vm = 0.30é0.78 m s
-1
. During tests, most suitable working 

velocity is vm,opt = 0.55 m s
-1
. 

The task of the picking reel 3 is to remove blueberries from the stems without any 

damage. In real working conditions, during the rotation of the picking reel 3, the 

movement direction of the rake teeth tips has to be vertical, directed top-down, when 

the rake teeth 13 tips of the picking reel (point B) reach the top of the blueberry plant; 

in this way the picking rake teeth can penetrate between the blueberry plants 15, that is, 

at the moment of penetrating between the stems carrying berries the absolute speed 

vector of the rake teeth tips (Fig. 2) has to be directed vertically top-down. In this case, 

the height H of the picking reel 3 shaft from the ground is expressed as follows: 

 

H = hs + l pÖcosg + rAÖsinɤrt (8) 

 

where: hs ï the average height of the blueberry plant from the ground to the top, as 

ɚ = 2.5, then it is reasonable to implement the condition lp Ó 0.5hs. 

 

RESULTS AND DISCUSSION 
 

Analysing equation (8), it is evident that except for the angle ɤrt all other 

parameters can be determined. Thus, for the purpose of being able to use the 

equation (8), an unknown angle has to be expressed ɤrt. This is possible if we express 

the fictive radius rB from the triangle O1AB (Fig. 2), using a cosine sentence as 

follows: 



29 

 

ὶ  ὶ ὰ ςὶὰÃÏÓ
“

ς
ὸ  Ȣ (9) 

 

Considering that  

 

ÃÏÓ
“

ς
ὸ  ÓÉÎὸ  ÓÉÎὸϽÃÏÓ ÃÏÓὸϽÓÉÎȟ 

 

the relation (9) can be expressed as follows 

 

ὶ ὶ ὰ ςὶὰÓÉÎὸϽÃÏÓ ÃÏÓὸϽÓÉÎȢ (10) 

 

Also, the following relation can be drawn from the Fig. 2  

 

ὶϽÃÏÓ ὶϽÓÉÎὸ ὰϽÃÏÓ. (11) 

 

by squaring both sides of the relation (11) and formulating from this fictive radius rB  

 

ὶ
ὶϽÓÉÎὸ ςὶὰÓÉÎὸϽÃÏÓ ὰÃÏÓ

ÃÏÓ
ȟ (12) 

 

where ŭ ï positional angle of the rake tooth tip B. 

 

If we apply a sine low for the triangle formed from velocity vectors (Fig. 2): 

 

ÓÉÎ

ὺ

ÓÉÎ
“
ς 

ὺ
 (13) 

and considering relation (6) as well as the fact that ÓÉÎ  ÃÏÓ, then we can 

express it after the conversions as this 

 
ρ

ÃÏÓ
‗ ς‗ÓÉÎὸ ςȢ (14) 

 

When solving together relations (10), (12) and (14), grouping the units and after 

squaring and converting of both sides, we can formulate the following equation for the 

angle ɤrt: 

 

τ‗ὶÓÉÎὸ ὶ ‗ὶ τ‗ὰ ςὶ ÓÉÎὸ

τὰÃÏÓὶ ‗ὶ ‗ ςὶ +

ὶÓÉÎÓÉÎὸ-ὰ ‗ ς ÃÏÓ ρ ὶ πȢ 

 

(15) 

If we mark 

ÓÉÎὸ ᾀ 
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ÓÉÎὸ ᾀ 

ÓÉÎὸ ᾀ 

and τ‗ὶ ὥ 

ὶ ‗ὶ τ‗ὰ ςὶ ὦ 

τὰÃÏÓὶ ‗ὶ ‗ ςὶ ὶÓÉÎ ὧ 

ὰ ‗ ς ÃÏÓ ρ ὶ Ὠȟ 

 

We can write the relation (15) in this form 

 

ὥᾀ ὦᾀ ὧᾀὨ π 
that is, 

 

ᾀ
ὦ

ὥ
ᾀ

ὧ

ὥ
ᾀ
Ὠ

ὥ
πȢ (16) 

 

If we mark A = b/a; B = c/a and C = ïd/a, then the satisfactory result of the 

equation (16) is expressed in the following form: 

 

ÓÉÎὸ Ѝᾀ ὑ
ὑ

ὑ
ὑȟ (17) 

where 

 

ὑ
ὄ
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ὅ

τ

ὃὅ
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ὃὄὅ

φ

ὃ

ςχ

ὃὄ

φ

ὅ

ς
ȟ 

ὑ
ρ

σ
ὄ
ὃ

σ
ȟ 

ὑ
ὃ

σ
Ȣ 

Because in different plantations the height of the blueberry plant hs (the length of 

the stems) (Starast et. al, 2005) can differ, then the position of the axis of rotation of 

the picking device shall be changeable, so as to ensure harvesting without any loss. 

Considering the fact that the average height of the blueberry plant from ground to 

top is hs = 0.2 m and the technical parameters of the picking reel correspond to the ones 

indicated in Table 1, then the angle of rotation of the picking rake is ɤrt = 8 ,̄ and we 

get the minimum height of the picking reel shaft according to relation (8) as 

Hmin = 330 mm. 
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Table 1. Technical characterisation of the picking reel 

Parameter  Symbol Unit Value 

Radius of the picking reel  rA mm 165 

Length of the picking rake teeth  lp mm 135 

Rake angle of the picking rake teeth ɔ degree 30 

 

If we consider that the working speed of the machine is vm,opt = 0.55 m s
-1
, then 

according to the relation (7),the angular speed of the picking reel is ɤr = 8.33 rad s
-1
. 

Rake teeth tips B of the picking rake have to reach the ground in their lower 

position. Deducing from this, we can check the distance of the picking rake axis from 

the shaft centre rA with the following relation: 

 

ὶ
Ὄ ὰϽÃÏÓ Ὠ

ÃÏÓ
ȟ (18) 

 

where: dc is the thickness of the copying unit runner, ɓ ï the angle characterising the 

position of the picking rake; ɓ Í const; ɓ = 0é360.̄ 

 

Thus, if H = 330 mm, the rake angle of the picking rake teeth is g = 30̄ , the 

thickness of the runner dc = 30 mm of the copying unit 7 (Fig. 1), the angle 

characterising the position of the picking rake ɓ = 20̄  if ɤrt = ˊ/2 and considering also 

the fact that the berries may be located close to the ground, then the maximum radius 

of the picking unit according to relation (19) has to be rA Ò 173 mm. The radius of the 

picking reel of the blueberry harvester prototype (Fig. 3) is 165 mm, which prevents 

clutching peat pieces and other litter from the ground during the harvesting process. 

 

 
 

Figure 3. Prototype of the blueberry harvester.  

 

The number of rakes depends both on the kinematics of the picking reel as well as 

the positioning of its shaft. During design, it would be most reasonable to choose the 

number of the reel rakes in the limit of z = 4é6 (Landtechnik, 1999). Following from 
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these recommendations, the number of rakes has been chosen z = 4 when designing the 

prototype of this machine. 

 

CONCLUSIONS 

 

The article has pointed out methodology and explanation for the selection of the 

most important part of the motoblock-type blueberry harvester - the constructive and 

kinematics parameters of the picking reel. The constructive parameters of the prototype 

of the blueberry harvester (Fig. 3) are the following:  

1) the diameter of the picking reel 2rA = 330 mm, 

2) the height of the axis of rotation of the picking reel from the ground 

H = 330 mm, 

3) the number of picking rakes z = 4. 

 

Kinematics parameters are the following: 

1) angular speed of the picking reel ɤr = 8.33 rad s
-1
, 

2) machine movement speed vm = 0.55 m s
-1
, 

3) kinematic indication number ɚ = 2.5. 
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Abstract. Elaborated test results concerning two technologies of corn grain harvesting using 

grain harvesters. One technology called ZKP was using a mill crusher unit with direct filling 

system of a plastic bag and the other one was using a mill crusher connected to a silo press and 

was called ZKG. Provided research and calculations enabled evaluation of the values of critical 

coefficients, which were the following: unitary fuel consumption and unitary labour cost 

requirement. Because of different corn grain yields, these values referred to a unitary area of 

crop and also unitary mass of corn grain. It has been proved that the total costs of harvesting 

and conservation of corn grain with the technology ZKP equalled 321.83 ú ha
-1
, but the same 

costs with the technology ZKG equalled 245.69 ú ha
-1
. However, when taking into 

consideration the unitary mass of harvested grain, lower costs appeared with the technology 

ZKP at the value 21.89 ú t
ï1

 compared to the 31.02 ú t
ï1

 for the technology ZKG. 

 

Key words: maize, harvesting technology, grain ensilaging, plastic bag, costs, labor, 

harvesting, transportation, fuel consumption. 

 

INTRODUCTION  

 

Increasing demand for maize, but especially for corn grain, designated for feed as 

well as for other goals, such as the needs of distillery industry and energy production, 

leads to dynamic growth of the cultivated area of this grain (Sokhansanij et al., 2002; 

Kowalczyk & RzepiŒski, 2003). However, usage of corn as high energetic feed for all 

animal groups is of the highest importance (Gach & Kowalski, 2010; Gach et al., 2011). 

Maize can be grown for silage as whole plants, for silage using corn cobs only 

(LKS ï corn cobs with leafs or CCM) as well as for grain itself only (Niedzi·ğka, 1999; 

Podk·wka & Michalski, 2003; Bulghakov et al., 2006). 

Making silage using chaff from whole maize plants is quite rational, because it 

utilizes all food components and can be used as a fundamental base for feeding of 

ruminant animals. (Podk·wka & Michalski, 2003; Ustinovs & Ivanovs, 2003; 

Weinberg & Ashbell, 2003; Gach & Kowalski, 2010; Kowalski, 2010). 

Growing maize for corn grain also holds an important position, but requires quite 

a high energy input for the drying process. The moisture content of the corn grain for 

storage must be lower (Eckl, 2003). Because of the high energy prices, the costly 

mailto:semjons@apoll.lv


34 

drying is replaced by grain ensiling using special conservation additives (Pğonka, 2002; 

Chlebowski et al., 2008). 

Ensiling of maize for feeding purposes is effective from the perspective of small 

losses of food components and silage can be stored for several month, so it can solve 

the problems of feeding animals. Grain silage contains less non-nitrogen extraction 

compounds, but it contains more protein and is characterized by higher digestibility of 

food compounds by animals compared to dried grain (Podk·wka & Michalski, 2003). 

Total utilization of the components contained in feed is possible by using proper 

methods of harvesting and ensiling (Niedemaier, 1998; Gach et al., 2011). 

Harvesting is usually done by using properly adapted grain harvesters (Szymanek 

et al., 2008), however, before storage, grain is crushed by using special mill crushers, 

the operation of which is known as the so-called Mursk method (Plonka, 2002). It is 

possible to use different variations of the technology, such as utilization of mill 

crushers in a separate operation and then filling the crushed grain into a plastic bag 

using a silo press or utilization of an aggregate performing both of these operations 

together (Gach et al., 2011). There are not many research results published in literature 

concerning harvesting and ensiling of corn grain in a plastic bag (Csermley et al., 

2000). 

It shows that evaluation of the exploitation parameters concerning preparation of 

crushed corn grain silage is very important as a research task. Fuel consumption, labor 

input, the costs involved according to the elementary area of maize designated to 

ensiling, or taking into account the dry matter involved can be good parameters to 

compare when evaluating different technologies. It can also be utilized for verification 

of elaborated models of similar processes, during simulation for better knowledge and 

for development and modelling the technology for ensiling of whole maze plants 

(Zaliwski & Hoğaj, 2006; Kowalski & Gach, 2009). 

The goal of this elaboration was evaluation of exploitation parameters, as well as 

to discover the material and cost inputs during harvesting and ensiling of corn grain 

using field test results taken directly from the production activity in a farm.  

 

MATERIAL AND METHODS  

 

The research work and evaluation of the whole process were provided for two 

technologies of maize harvesting for corn grain named ZKP and ZKG. A scheme of 

these technologies is presented on Fig. 1. 

The tests for the technology ZKP were performed during 2009 in the Agricultural 

Experiment Research Station of the Warsaw Agricultural University (SGGW) in Obory 

near Warsaw. Corn grain harvesting was carried out using an adapted grain harvester 

Claas MEGA 360. The harvesting assembly was replaced by a six row adapter 

Conspeed 6-75FC for corn cobs separation from maize plants. After separation of corn 

cobs, maize stalks were shredded and left on the field, where the process of 

decomposition of the green mass could begin easily. This situation helped to prepare 

the field for after-harvest growing of other cultures. 

During corn grain harvesting using high capacity harvesters, it is essential to 

prepare a proper amount of means of transport for delivering the corn grain. In the case 

of the present technology, the corn grain from the harvester was transported to the 

reloading area using a trailer PP14 Metaltech Mirosğawiec Co. with the capacity of 
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14 tons, which transported the corn grain to the main truck SCANIA 114L with the 

capacity of 29 m
3
. Reloading of the trailer was provided by using a screw conveyor 

located on the trailer. Then, the corn grain was transported to the place of storage and 

ensiling located 16 km from the field. Unloading of the corn grain from the truck was 

performed by tripping of the carrying body. 

 

 
 

Figure 1. Scheme of the technology for corn grain ensilaging in a plastic bag. 

 

Transportation and loading of corn grain to the mill crusher were performed by 

using a telescope loader JCB 530-60 equipped with a bucket for loose materials. For 

corn grain crushing, a roller mill crusher NC4210 New Concept Co. driven from a 

tractor Ursus 1634 using the PTO system were utilized. Crushed corn grain was 

compressed into a plastic bag. The size of the plastic bag was: 60 m long and 2.4 m in 

diameter. 

The technology ZGK was presented as follows: 

Corn grain harvesting and corn cubs separation were performed directly on the 

field using an adapted grain harvester CLAAS Dominator 204 Mega. The grain 

harvester was adapted by replacing the header unit with a 5-row adapter, which 

separates corn cobs from plants. Further, some changes were made to the harvester 

shredding and cleaning units. 

Utilization of stalk rotation shredders working in vertical position and placing 

them under corn cobs separation unit. All chaff left after separation and shredding were 
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spread on the ground behind the harvester and made good material for developing 

organic fertilizer. 

The obtained corn grain was loaded on type T 610 trailers and transported with U 

902 tractors to the shredding and ensilaging area, where it was filled into a plastic bag. 

Unloading of the corn grain was performed directly on the entry table of the 

milling crusher MURSKA, equipped with a magnetic and rock separator. The mill 

crusher had two rollers 70 cm long each. The distance between the rollers was set on 

0.3 mm. The mill crusher was powered by the PTO unit of a New Holland tractor. The 

crushed grain was charged through an unloaded pipe on the transporter, which directed 

it into a press. The transportation process was performed by using two sets of tractors 

C-360 and trailers type N227. Unloading of the trailer was performed using a flour 

conveyor powered by the PTO system of a tractor. 

The corn grain from the charging hopper was fed into a plastic bag type B 820 by 

a silo press type AG-BAG, which was powered by a tractor Zetor 1211. The size of the 

plastic bag equalled 2.4 m width and 60 m length and had the capacity from 180 to 220 

ton depending on the grain moisture content. 

The exploitation tests of the machinery utilized in this technology were performed 

according to the requirements of the relevant standards and methodology developed at 

the Warsaw Institute of Technology and Life Sciences (ITP) (Barwicki et al., 2011). 

On the basis of tests results described above, the yield per ton of corn grain was 

calculated. Moreover, the cost structures of the presented technologies were calculated 

taking into account: fuel costs, material costs, labor input and machinery costs. 

 

RESULTS AND DISCUSSION 

 

The main parameters of the provided experiments are presented in Table 1. As we 

can see, plants were harvested at a proper moisture content and the corn grain yield 

was quite high compared to the average yields on a country scale. 

The values of exploitation and economical parameters were evaluated on the basis 

of typical standards and methodology, taking into account the actual prices of farm 

machinery (Barwicki et al., 2011). 

 
Table 1. Characteristics of test conditions 

Description of parameters Units Value 

Tested material - Corn grain 

Technology - ZKP   ZKG 

Variety - PIONEER ï PR39D23 PIONEER ï PR39D81 

Yield t ha
-1
 14.70 7.92 

Moisture content % 36 31.4 

Row spacing m 0.75 0.75 

Number of plants on m
2
 Piece m

-2
 8.2 6.02 

Average height of plants m 2.91 2.43 

Average height of corn 

cobs location 
m 1.23 1.08 

 

The yield of different technologies of the utilized machinery and aggregates were 

different, and are presented in table 2. 
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Table 2. Values of performance indicators 

Description of parameters 

Technology 

ZKP ZKG 

Yield [t h
-1
] Yield [t h

-1
] 

Harvester Claas Mega 360 13.50 7.56 

Tractor U1634 + trailer Metaltech PP14 13.5 - 

Truck Scania 114L + selfunloaded semitrailer 

Zasğaw 
10.9 - 

Telescopic loader JCB 530-60 8.9 - 

Trailer U1634 + milling crusher NC4210 8.9 - 

Tractor New Holland TL 100 + milling crusher 

MURSKA 700 S2 HD 
- 8.0 

Tractor U 1224+ silo press AG-BAG -G 6700 - 8.39 
 

The calculated values refer to a specific area and also to a specific mass, because 

the yields for both technologies were considerably different. Fuel consumption is 

characterized in connection with a specific area or a specific yield and is presented in 

table 3. Taking into account the higher yield for the first technology when looking for a 

mass of the harvested corn grain, lower fuel consumption was present in the case of the 

technology ZKP ï 3.42 dm
3
 t

-1
 ï compared to the technology ZKG ï 4.10 dm

3
 t

-1
. 

 
Table 3. Fuel consumption during harvesting and ensilaging of corn grain using different 

technologies 

Description of parameters  

Technology 

ZKP ZKG 

dm
3
 t

-1
 dm

3
 t

-1
 

Harvesting 1.55 2.24 

Loading and transportation 0.78 0.38 

Loading of corn grain to milling crusher 0.35 - 

Grain crushing and filling of plastic bag  0.74 - 

Grain crushing - 0.36 

Transportation and loading to silo press - 0.18 

Plastic bag filling using silo press  - 0.94 

Total 3.42 4.10 
 

In the case of both technologies, fuel consumption was highest during harvesting 

with the following results: technology ZKP ï 1.55 dm
3
 t

-1
, technology ZKG 

2.24 dm
3
 t

-1
. 

In the case of the technology ZKP, the lowest fuel consumption was related to 

loading of the corn grain to the milling crusher ï 0.35 dm
3
 t

-1 
ï, but in the case of the 

technology ZKG, transportation and loading of the corn grain to the silo press ï 

0.18 dm
3
 t

-1
.  

The total labour input values concerning specific areas in both technologies were 

quite close and were as follows: ZKP ï 6.66 rbh t
-1
, ZKG ï 6.89 rbh t

-1
. However, 

concerning the specific mass of corn grain, for the technology ZKP, it equalled 

0.45 rbh t
-1
 and 0.87 rbh t

-1
, which is almost twice higher because of different yields as 

shown Table 4. The highest labour consumptions during operations were those related 

to loading-unloading and transportation, the lowest one, however, was related to 

harvesting as a very efficient operation. 
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Table 4. Labour input for harvesting and ensilaging using different technologies 

Description of parameters 

Technology 

ZKP ZKG 

rbh t
-1
 rbh t

-1
 

Harvesting 0.07 0.13 

Loading and transportation 0.16 0.26 

Loading of corn grain to milling crusher 0.11 - 

Grain crushing and filling of plastic bag 0.11 - 

Grain crushing - 0.12 

Transportation and loading to silo press - 0.12 

Plastic bag filling using silo press - 0.24 

Total 0.45 0.87 
 

When taking into account the specific mass of collected grain, lower costs were 

obtained with the technology ZKP at the value of 21.89 ú t
ï1

 compared to the 

technology ZKG with the value of 31.02 ú t
-1
, as presented in Table 5. 

In the cost structures of the tested technologies, in the case of the technology 

ZKP, corn grain harvesting had the highest impact on final expenditureï 7.50 ú t
ï1

 ï 

but for the technology ZKG, the result equals 15.18 ú t
ï1

. 

Besides that, a considerable share of the costs is related to grain crushing and 

filling of the plastic bag: ZKP ï 7.36 ú t
-1
; there is a similar situation in the case of the 

technology ZKG, where filling of the plastic bag using a silo press consumes 9.37 ú t
ï1

. 

The costs related to transportation and loading-unloading operations are considerably 

lower. 
 

Table 5. Specific costs of harvesting and ensilaging of corn grain in different technologies 

Description of parameters 

Technology 

ZKP ZKG 

ú  t
ï1

 ú  t
ï1

 

Harvesting 7.50 15.18 

Loading and transportation 5.08 2.07 

Loading of corn grain to milling 

crusher 
1.95 - 

Grain crushing and filling of plastic 

bag 
7.36 - 

Grain crushing - 3.30 

Transportation and loading to silo 

press 
- 1.10 

Plastic bag filling using silo press - 9.37 

Total 21.89 31.02 

 

In addition to the above, the costs of some other analysis were provided, taking 

into account the following costs: machinery, fuel consumption, labour consumption, 

additional materials. All this is presented in Table 6. 

In the second place was fuel consumption with the following values for each 

technology: ZKP ï 3.30 ú t
ï1 
ï and the technology ZKG ï 4.0 ú t

ï1
. The costs of 

additional materials such as the plastic foil used for the plastic bag and the 

conservation agent supporting better development of the ensilaging process were equal: 

ZKP ï 3.15 ú t
ï1 
ï and for the technology ZKG ï 2.17 ú t

ï1
. The lowest values were the 
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costs of labour input, which equalled: ZKP ï 1.23 ú t
ï1 
ï and the technology ZKG ï 

1.81 ú t
ï1

. 
 

Table 6. Comparison of specific costs involved in harvesting and ensilaging of corn grain in a 

plastic bag 

Description of parameters 

Technology 

ZKP ZKG 

ú  t
ï1

 ú  t
ï1

 

Machinery 14.21 23.04 

Fuel 3.30 4.0 

Labour 1.23 1.81 

Other materials ï plastic foil  3.15 2.17 

Total 21.89 31.02 
 

The described experiment can be very helpful in determining values and structural 

inputs of harvesting and ensiling of corn grain. This area of research is very important 

and should be continued in the future, because we should consider the improvement of 

efficiency of each step of harvesting and ensilaging process described in this research 

work. The knowledge presented in this paper can be utilized for developing new 

technologies, but also for verifying elaborated models of old technologies for 

harvesting and ensiling of corn grain (Zaliwski & Hoğaj, 2006, Kowalski & Gach, 

2009). 
 

CONCLUSIONS 
 

On the basis of the provided research and analysis, the following conclusions can 

be made: 

1. When taking into account the specific mass of the collected corn grain, lower 

fuel consumption took place in the technology ZKP ï 3.42 dm
3
 t

-1
 ï than in the technology 

ZKG ï 4.10 dm
3
 t

-1
 ï, because of the higher yield in the first technology compared to 

the second one. The highest fuel consumption was present during harvesting, but the 

lowest occurred during loading of the corn grain to the milling crusher in the case of 

the technology ZKP and during transportation and loading of the corn grain to the silo 

press in the case of the technology ZKG. 

2. However, when taking into account the mass of corn grain in the technology 

ZKP, the labor input was twice lower than in the technology ZKG, because of the 

considerably higher yield of the first technology. The highest labor input occurred 

during grain loading, unloading and transportation.  

3. When taking into account the specific mass of the collected corn grain, lower 

costs were achieved with the technology ZKP ï 21.89 ú t
ï1 
ï compared to the 

technology ZKG ï 31.02 ú t
ï1

.  

4. In the structure of all costs for both technologies, the costs were highest for 

harvesting and the results were as follows: for the technology ZKP ï 7.50 ú t
ï1

 ï and 

for the technology ZKG ï 15.18 ú t
ï1

. Further, the costs related to corn grain crushing 

and filling of the plastic bag had a considerable influence: ZKG ï 7.36 ú t
ï1 
ï and also 

for the technology ZKG using silo press ï 9.37 ú t
ï1

. 

5. In the cost structure related to the machinery, fuel consumption, labour 

requirement and additional materials, machinery costs had the highest share with the 
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following values: for the technology ZKP ï 14.21 ú t
ï1 
ï and for the technology ZKG ï 

23.04 ú t
ï1

. Fuel consumption costs had the following values: for the technology ZKP ï 

3.30 ú t
ï1 
ï and for the technology ZKG ï 4.0 ú t

ï1
. 

 

REFERENCES 

 
Barwicki, J., Gach, S. & Ivanovs, S. 2011. Inputs analyses of maize harvesting and ensilaging 

technologies. Agronomy Research 9, 31ï36. 

Bulgakov, V., Shpokas, L. &  Petkavicius, S. 2006. Issledowanije uborki kukuruzy na zerno. 

Motorization and powerindustry in agriculture. ISSN 1730 ï 8568. Lublin, Vol. 8, 58ï68. 

(in Russian). 

Chlebowski, J., Gach, S., Gozdalik, I. & Kowalski, P. 2008: Analiza nakğad·w ponoszonych na 

zbi·r i zakiszanie ziarna kukurydzy. InŨynieria Rolnicza 1, 71ï76 (in Polish). 

Csermely, J., Bellus, Z., Herdovics, M., Komka, Gy., Schmidt, J. & Sipºcz, J. 2000. Fodder 

preservation by fermentation in plastic bags. Hung. Agricult. Eng. 13, 32ï35. 

Eckl, J. 2003. Wenn trocken zu teuer ist. DLZ-Agrarmagazin. Jg 54 nr 9, 80ï82 (in German). 

Gach, S. & Kowalski, P. 2010. Technologiczne i techniczne aspekty zbioru kukurydzy na 

kiszonkň. Postňpy Nauk Rolniczych 1, 91ï99 (in Polish). 

Gach, S., Korpysz, K. & PolaŒczyk, M. 2011. Nakğady ponoszone na zbi·r i zakiszanie ziarna 

kukurydzy w worku foliowym. Journal of research and applications in agricultural 

engineering, 56(2), 44ï48 (in Polish). 

Kowalczyk E. & RzepiŒski, W. 2003: Kiszenie ziarna kukurydzy jako metoda poprawy 

efektywnoŜci ekonomicznej produkcji pasz lub etanolu. [w:] Kierunki wykorzystania 

wysokoenergetycznych odmian kukurydzy do produkcji biopaliw. Instytut Biotechnologii 

Przemysğu Rolno-SpoŨywczego. Monografie. Warszawa: 20ï31. (In Polish) 

Kowalski, P. & Gach, S. 2009. Model matematyczny zbioru i zakiszania kukurydzy. Zeszyty 

Probl. Post. Nauk Roln., 543, 167ï180 (in Polish). 

Niedemaier, H. 1998. Mais- Gaskorn silage ï eine alternative zu CCM? Top Agrar 6, 12ï16 (in 

German). 

Niedzi·ğka, I. 1999. Analiza energetyczno-ekonomiczna technologii produkcji ziarna 

kukurydzy. InŨynieria Rolnicza, R. 3, 4(10), 89ï95 (in Polish). 

Niedzi·ğka, I. & Szymanek M. 2003. Przemysğowe i energetyczne wykorzystanie ziarna 

kukurydzy. Motoryzacja i Energetyka Rolnictwa 5 (in Polish). 

Pğonka, S. 2002. Zabezpieczenie bazy paszowej w gospodarstwie. Kiszenie ziarna o wysokiej 

zawartoŜci wilgoci. [w:] WdraŨanie nowych proekologicznych technologii w zakresie 

roŜlin uprawnych. Puğawy, pp. 441ï448 (in Polish). 

Podk·wka, W. & Michalski, T. 2003. Technologie zbioru i uŨytkowania kukurydzy ziarnowej. 

Kukurydza roŜlinŃ przyszğoŜci. Agro Serwis, pp. 41ï45 (in Polish). 

Sokhansanj, S., Turhollow, A., Cushman, J. & Cundif, J. 2002. Engineering aspects of 

collecting corn stover for bioenergy. Biomass Bioenergy 23(5), 347ï355. 

Szymanek, M., TanaŜ, W., Zagajski, P. & Dreszer, K.A. 2008. MoŨliwoŜci wykorzystania 

kombajn·w zboŨowych do zbioru kukurydzy. Technika Rolnicza Ogrodnicza LeŜna 3, 

21ï24 (in Polish). 

Zaliwski, A. & Hoğaj, J. 2006. Modelowanie technologii produkcji kukurydzy na ziarno w 

aspekcie efektywnoŜci ekonomicznej. InŨynieria Rolniczar 6, 407ï413 (in Polish). 

Ustinovs, V., Ivanovs, S., 2003. Improvements in the technologies and technical means of 

growing maize for silage. Engineering. Lithuanian University of Agriculture. Research papers 

6(1). Akademija, pp. 97ï101. 

Weinberg, Z.G & Ashbell, G. 2003. Engineering aspects of ensiling. Biochemical Engineering 

Journal, 13, 181ï188. 



41 

Agronomy Research 12(1), 41ï58, 2014 

 

 

 

Mathematical model of vibration digging up of root 

crops from soil 
 

V. Bulgakov
1,*

, V. Adamchuk
2
, G. Kaletnik

3
, M. Arak

4
 and J. Olt

4
 

 
1
National University of Bioresources and Nature Management of Ukraine, 

15 Heroiv Oborony St., 03041 Kyiv, Ukraine; *Correspondence: vbulgakov@meta.ua 
2
National Scientific Centre óInstitute for Agricultural Engineering and Electrificationô 

National Academy of Agrarian Sciences of Ukraine (NAASU), 11 Vokzalna St., 

Glevakha-1, Vasylkiv District, Kyiv Region, 08630, Ukraine 
3
Vinnitsa National Agrarian University, 3 Soniachna Str., 21008 Vinnytsia, Ukraine 

4
Institute of Technology, Estonian University of Life Sciences, Kreutzwaldi 56, 

EE51014 Tartu, Estonia 

 
Abstract. A new theory of vibrational digging up of root crops from the soil has been 

developed. The Hamilton-Ostrogradski variational principle is used, on the basis of which we 

have received the differential equation of longitudinal oscillations of the root in the soil with an 

infinite number of degrees of freedom. Solution of the given equation provided the possibility 

to determine the main parameters of the tools that are used in modern beet harvesters. 

 

Key words: root crop, digging tool, vibrational digging up, variational principle, differential 

equation, constructive parameters. 

 

INTRODUCTION  

 

The reason for large-scale use of vibrational digging tools in root harvesters of the 

modern technical level is their significantly lower draught level, actual ability to dig up 

beetroots from the soil without damage and losses. Oscillations of the digging tool 

create conditions, under which the soil that adheres to roots is intensely beaten down 

when they are dug up, which facilitates high level of qualitative indicators. Thatôs why 

development of new constructions of vibrational digging tools, as well as research of 

their operation for the purpose of determination of the optimal constructive and 

kinematic parameters is a current task of the branch of  mechanisation of sugar beet 

growing (Sarec et al., 2009; Lammers, 2011). 

Statement of the problem. Analytical research of the process of interaction 

between working elements of the vibration digging tool with the root, that allows to 

obtain kinematic, constructive and technological parameters, and gives the opportunity 

to determine their optimal value. 
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MATERIAL AND METHODS  

 

Fundamental theoretical and experimental research of the vibrational digging up 

of the root crops of sugar beet was published in the paper (Babakov, 1968), in which 

the root is modelled as a body having elastic properties, and it is presented as a rod 

with variable cross section with one attached end. Transverse oscillations of the root 

analysed in the given paper are described using the differential equation, in particular 

derivatives of fourth order. The technological process of digging up of the root from 

the soil with vibrational application of forces is not actually analysed here; instead it is 

stated that using the additionally prepared equations of kinetostatics the conditions are 

found for its digging up from the soil under the action of the disturbing force applied in 

the cross vertical plane. It is stated in the given paper that this particular direction of 

oscillations will be the best way to foster high quality digging up of the root crops from 

the soil. 

Paper (Vasilenko et al., 1970) presents the theory of the digging tool of a regular 

digging share type, and states the conditions for digging up of the root from the soil 

with translational motion of the digger, taking the condition of avoiding damage to the 

root into account. The given paper demonstrates how the expression is obtained for 

determination of the allowed velocity of translational motion of the digging tool with 

its pre-set constructive parameters. In the given case the process of digging up of the 

root from the soil is performed under the action of forces that emerge on the working 

surfaces of the digging shares as a result of the transitional motion of the digging tool 

along the rows of the roots. 

The developed theory of own and forced oscillations of the body of the root 

(Pogorely et al., 1983) is necessary for assessment of the action of the given 

oscillations on the process of destruction of connections of the root with the soil.  

However, the given methods are not sufficient for performance of full analysis of 

the actual process of digging-up of the root from the soil. 

Goal of the research. To develop a calculation and mathematical model and to 

analytically analyse the root ï tool system in order to study the process of oscillations 

of the root during its vibrational digging-up from the soil. 

 

RESULTS OF THE RESEARCH 

 

The case where oscillatory motions of the vibration digging-up tool are applied to 

the beetroot in longitudinal vertical area will now be analytically analysed. It will be 

assumed that the root that is located in the soil is a complex solid elastic system with 

an infinite number of degrees of freedom, also modelled as the rod with variable cross 

section with the attached low end. 

At the same time, since the Lagrange equation of the second kind in generalised 

coordinates serves as theoretical basis for most research of oscillations of holonomic 

systems with a finite number of degrees of freedom, for the purpose of performance of 

oscillations of holonomic systems with an infinite number of degrees of freedom the so 

called Hamilton-Ostrogradski principle of stationary action is used (Babakov, 1968). 

In the theory of longitudinal, torsional and transverse oscillations of straight rods 

the Hamilton-Ostrogradski functionals are applied, which in the most generalised form 

look as follows: 
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(1) 

 

where: ʇTL -=  is the Lagrange function; T  is kinetic energy of the system; ʇ is 

the potential energy of the system. 

 

It will be assumed that the root that is located in the soil to be the rod with 

variable cross section along its length with one end attached (Fig. 1). The Hamilton-

Ostrogradski principle will now be applied for research of longitudinal oscillations of 

the root that occur under the action of the vertical disturbing force that changes 

according to the harmonic law of the following type (Bulgakov et al., 2005): 
 

tHQ
ʟʙ

wsin
.
=

, (2) 

 

where: H  is the amplitude of forced oscillations; w is the frequency of forced 

oscillations. 

 

As we can see from the scheme (Fig. 1), the root having a cone-like body (the top 

angle of which equals g2 , and the top part of which is located above the level of the 

surface of the soil), is modelled as the rod with variable cross section with the attached 

low end (point O). In the centre of gravity, designated as point C , the force G  is 

applied ï the weight force of the root. h  is its total length. Through the axis of 

symmetry of the root the vertical axis x  is drawn, the beginning of which matches the 

point O. Connection of the root with the soil is determined by the general reaction of 

the soil 
xR , which is located along the axis x . 

 

 

Figure 1. Scheme of the forces having an action on the root at the time of gripping by the 

vibration digging tool. 
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The disturbing force 
.ʟʙQ  stated above is simultaneously applied to the root from 

two digging-up plough shares from its two sides, and thatôs why it is presented in the 

scheme by two components 
1.ʟʙQ  and 

2.ʟʙQ . The given forces are applied on the 

distance 1x  from the origin of coordinates (point O), and they are the source of 

oscillations of the root in longitudinal vertical area, that destroy connection of the root 

with the soil and form conditions for digging up of the latter from the soil. The 

functional S  of Hamilton-Ostrogradski for the analysed vibrational process will now 

be made. For this purpose the necessary symbols will be applied: 

)(xF  is the area of cross section of the root at some point located at the distance 

x  from the low end m
2
; E  is the Young's modulus for material of the root N m

-2
; 

( )txy ,  is the longitudinal dislocation of some cross section of the root at the time point 

t , m; ),( txQ  is the intensity of longitudinal external load directed along the axis of 

the root N m
-1
; ()xm  is the mass per length of the root kg m

-1
. 

Then kinetic energy of the oscillatory motion of the root will be: 
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Potential energy of the elastic deformation is designated as follows: 
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Potential stretching energy of the longitudinal load ( )txQ ,  will look as follows: 
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(5) 

 

The Lagrange function L  will be made. 

Since  
 

21 ʇʇTL +-= , (6) 
 

then, taking the expressions (3), (4) and (5) into consideration, we get: 
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By inserting the expression (7) into the expression (1), we will have: 
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Further, expressions of all values that are included in the functional (8) will be 

found. Since the root has the shape of a cone, we find that its area of cross section F(x) 

at the point that is located at an arbitrary distance x from the point O, will be: 
 

() gp 22 tanxxF = . (9) 

 

It is obvious that the mass per length of the root can be determined using the 

following expression: 
 

() ()xFx Ö=rm ,  
 

or, given the (9), 
 

() gprm 22 tanʭx Ö= , (10) 

 

where ris the density of the root in kg m
-3
. 

 

Since the value Q(x,t), included in the functional (8), is the intensity of distributed 

load, that is measured in N m
-1
, then in each specific case the disturbing force must 

correspond to dimension of the intensity of the load. By using the so called impulse 

function of the first order ů1(x) (Babakov, 1968) it is possible to determine the intensity 

of the distributed load, and to include into the composition of the load divided along 

the length the concentrated forces and moments of forces. 

Respectively, if ()tQʟʙ.  is the concentrated disturbing force applied to point 1x  

and measured in Newtons, then the function: 
 

( ) () ( )11.. , xxtQtxQ ʟʙʟʙ -Ö= s  (11) 
 

has the dimension in N m
-1
 and expresses intensity of the concentrated load in the 

point 1x . 

The function ( )11 xx-s  equals zero for all x , except for 1xx= , where it is 

transformed into infinity. 

Let the disturbing force acting according to the law 
 

() tHtQʟʙ wsin. = , (12) 
 

be applied to the root at the distance 1x  from the starting point (point O in Fig. 1). 

Then, according to (11) we can write: 
 

( ) ( )11. sin, xxtHtxQʟʙ -Ö= sw . (13) 
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Since the root is connected with the soil, which is an elastic environment, 

application of the disturbing force of type (12) to the root leads to emergence of the 

force of resistance of the soil to movement of the root due to its oscillations. This force 

also has an action on the process of own oscillations of the root in the soil, especially at 

the beginning of the oscillations process, until connections of the root with the soil are 

destroyed. 

It is obvious that the force of resistance of the soil (for the entire body of the root) 

is the distributed load along the area of contact of the root with the soil, and thatôs why 

we must determine its intensity as the force of resistance of the soil to movement of a 

length unit of the root. 

Let c be the coefficient of the elastic deformation of the soil applied to the area of 

the contact measured in N m
-2
. It will now be assumed that the soil surrounding the 

root, under the action of the disturbing force Hsinɤt, performs forced oscillations 

according to the same harmonic law with the amplitude that is determined by elastic 

properties of the soil. Then the intensity P(x, t) in N m
-1
 of resistance of the soil to 

movement of the root in point x will be: 
 

( ) ,sintan2, txctxP wgp ÖÖ=  (14) 
 

Respectively, we will have the following relation for longitudinal external load: 
 

( ) ( ) ( )txPtxQtxQ ʟʙ ,,, . -= .  
 

Given the expressions (9), (10), (13) and (14), the Hamilton-Ostrogradski 

functional (8) will look as follows: 
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 (15) 

 

In order to find natural forms and frequencies of longitudinal oscillations of the 

root in the soil, the Ritz method can be applied (Babakov, 1968). According to the 

given method we will need to find harmonic longitudinal oscillations of the root as 

follows: 
 

( ) () ( )aj += tpxtxy sin, , (16) 
 

where )(xj  is the natural form of primary oscillations, i.e. the function that 

determines continuous population of amplitude longitudinal deviations of cross section 

of the root from their equilibrium positions, and p  is the natural frequency of primary 

oscillations. 

Since natural forms and natural frequencies are related to free oscillations of the 

system, in the functional (15) we must highlight the part that specifically describes free 

oscillations of the system. Obviously the functional will look as follows: 
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The expression (16) will now be inserted into the functional (17), and we will get: 
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The expression (18) will be integrated over t  within the limits of one period 

,
2

p
T

p
=  and we will have:  
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The basis of the Ritz method is reduction of the variational problem to the 

problem of search of extremum of function of any independent variables. 

According to the Ritz method the value of the functional (19) is analysed on 

population of linear combinations of functions, i.e. expressions looking as follows: 
 

() ()ä
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ii xx
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yay , (20) 

 

where: Ŭi are the parameters, variations of which enable us to obtain the required class 

of allowed functions; )(xiy  are the basis functions that are specifically chosen and are 

known functions, that correspond to geometrical boundary conditions of the problem. 

Respectively, we insert the expression (20) into the expression (19), and get: 
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After respective transformations the functional (21) will look as follows: 
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The following symbols will now be entered: 
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                               ( )nki ,...,2,1, = . 
 

By inserting (23) into (22), we will get a functional as a function from parameters 

:,,, 21 naaa 2  
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The extremum analysis of the functional (24) will now performed. For this 

purpose we will differentiate the expression (24) with respect to parameters Ŭi, 

),,2,1( ni 2=  and equate the obtained particular derivatives to zero. As a result of 

that we will get a set of linear homogeneous equations with respect to the unknowns 

,,,, 21 naaa 2  from which, in turn, we can find the Ritz frequencies equation for 

longitudinal oscillations of the root attached in the soil: 
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It is known, that with 4>n  the given equation cannot be solved in radicals, 

thatôs why it is necessary to apply numerical methods using a PC. 

However, in reality, as a rule, only the lower frequencies are determined, most 

often the first and the second ones, which have the most significant action on the 

technological process that is being analysed. 

Therefore, the first and the second frequencies of natural oscillations of the root 

will now be determined. 

For the purpose of determination of the first and the second frequencies the 

equation (25) will look as follows: 
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As a result of the solution of the given equation we will obtain expressions for 

finding the value of the first (primary) frequency:  
 

r

E

h
p

662422.0
1 =

, (27) 

 

and the second frequency: 
 

r

E

h
p

931592.27
2 =

. (28) 

 

Now the calculation will be performed of the values of the first and the second 

frequencies for the beetroot having the following parameters (Pogorely et al., 1983) 

250=h  mm; 6104.18 Ö=E  N m
-2
; 300,1=r  kg m

-3
. As a result of the calculations we 

get: 
 

315
300,1

104.18

10250

662422.0 6
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Ö
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p  s

-1
, 

 

292,13
130

104.18

10250

931592.27 6

32 =
Ö

Ö
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-
p  s

-1
. 

 

 

Next, the analysis of the forced oscillations of the root will be discussed. The 

exclusively forced oscillations will happen according to the following law: 
 

( ) () txtxy wj sin, = , (29) 
 

where j(x) is the form of the forced oscillations. 

 

In order to determine the form of the forced oscillations of the root the expression 

(29) will now be entered into the functional (15), and we will get the following 

functional: 
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By integrating the expression (30) over t  within the limits of one period 

,
2

w

p
=T  we will get: 
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According to the Ritz method letôs analysis will now performed of the value of 

the functional (31) with respect to population of linear combinations of the following 

type: 

() ()xx yaj =  (32) 
 

where: a is the parameter, variations of which let us obtain the class of the allowed 

functions; ()xy  is the basis function. 

 

The expression (32) will now be inserted into the functional (31), and we will 

obtain: 
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The following symbols will now be inserted: 
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h
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0

222 tan ygpr , (34) 
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h
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The expressions (34), (35), (36) will now be inserted into (33), and we will have: 
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p
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4
2

 (37) 

 

So, in the population of functions, (32) the functional (33) is transformed into the 

function of the independent variable ,a looking as (37). 

The necessary condition of the stationary functional (37) (i.e. existence of the 

extremum) is that its first variation equals zero: 
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from which we receive the following equation: 
 

022 2 =+- LUT aaw  (39) 
 

from which we find the required value of the parameter a. It will be: 
 

( )TU

L
22 w

a
-

=  (40) 

 

The form of the forced longitudinal oscillations of the rod with the constant cross 

section with one end firmly attached, emerging under the action of the longitudinal 

harmonic force of frequency ,w  applied at the point 1xx= will now be assumed as the 

basis function )(ty . 

According to Babakov (1968) the form of the forced oscillations of the given rod 

looks as follows: 
 

() xaDx sin1=y       with   1xx¢  (41) 

  

() ( )xhaDx -= cos2y       with   1xx> , (42) 

  

where,                               
( )

ha

xha

FEa
D

cos

cos1 1
1

-
Ö-=  (43) 

  

ha

xa

FEa
D

cos

sin1 1
2 Ö-=  (44) 

  

FE
a

m
w=  (45) 

 

m is the mass per length of the rod; F  is the area of the longitudinal section of the 

rod; E  is the Youngôs module for material of the rod; h  is the length of the rod; w is 

the frequency of the forced oscillations of the rod. 

Having calculated the parameters of T, U and L according to the expressions (34), 

(35) and (36), we obtain the required value of the parameter a according to the 

expression (40), in case of which the functional (33) will have a stationary value. 

Taking into consideration the expressions (32), (41) and (42), we get expression 

for the form of the forced oscillations of the root attached in the soil. They look as 

follows: 

() xaDx sin1Ö=aj ,   with  

,1xx¢ () ( )xhaDx -Ö= cos2aj ,   with 1xx> . 
(46) 
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Having inserted the expressions (46) into (29), we get the final law of the forced 

oscillations of the root attached in the soil. If we take into consideration the action of 

the disturbing force ,sin tH w  the given law will look as follows: 
 

( ) taxDtxy wa sinsin, 1 Ö= ,   with 1xx¢ , 

( ) ( ) txhaDtxy wa sincos, 2 Ö-= ,   with 1xx> . 
(47) 

 

Based on the results of the theoretical research of the forced oscillations of the 

beetroot attached in the soil we will perform specific calculations of the amplitude of 

the given oscillations. 

The length of the root h , its cone angle g, Youngôs module E  for the body of 

the root, density r of the root, coefficient of elastic deformation of the soil c  will be 

assumed to be equal, according to Pogorely et al. (1983): h = 250Ὴ10
-3
 m; ɔ = 14̄ ; 

E = 18.4Ὴ106 N m
-2
; ɟ = 1,300 kg m

-3
; c = 1Ὴ10

-5
 N m

-2
. 

The amplitude H  of the disturbing force will be chosen within the limits 

100...600 N. We will assume the frequency ɤ of the disturbing force, according to 

(Vasilenko et al., 1970), to equal w = 20 Hz. 

The calculation is performed using the Mathcad program in order to determine the 

relations between the amplitude of the forced longitudinal oscillations of the body of 

the root and changes of the disturbing force within the range 100...600 N for different 

cross sections of the root.  

The result of the given calculation is the graph shown in Fig. 2. 
 

 
 

Figure 2. Relation between the amplitude of forced longitudinal oscillations of the body of the 

root and the value of the disturbing force. 

 

As it is seen from the given graph, increase of the value of the disturbing force 

leads to the increase of the amplitude of the longitudinal forced oscillations of the body 

of the root according to the linear law. 
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It should also be noted, that with increase of the distance of the area of cross 

section of the root from the origin of coordinates O the amplitude is also increased. For 

example, with x = 0.07 m the amplitude is within the limits of 1.7é2.3 mm with 

x = 0.1 m ï within the limits of 2.3é3.5 mm, with x = 0.12 m ï within the limits of 

2.8é3.9 mm, with x = 0.15 m (the point of gripping) ï within the limits 3.2é4.8 mm. 

Further, analysis will be presented of the calculation performed on a PC of the 

amplitude of longitudinal oscillations of the body of the root attached in the soil from 

the coefficient c  of the elastic deformation of the soil surrounding the root, and the 

distance of the cross section of the root from the conditional point of its attachment for 

the frequency of the disturbing force 10=v Hz and 20=v Hz. 

On the basis of the calculations we get the following graphs (Fig 3). 
 

  
a) b) 

 

Figure 3. Relation between the amplitude of the forced longitudinal oscillations of the root as 

an elastic body attached in the soil, and the coefficient cof the elastic deformation of the 

surrounding soil, and between the distancex  of the cross section of the root and the conditional 

point of attachment: a) ),1xx¢  b) ),1xx²  ( 1x ï point of gripping, =v 20 Hz). 

 

As it is seen from the graphs stated above, in case of increase of the coefficient c  

of the elastic deformation of the surrounding soil, the amplitude of the forced 

oscillations of the root is reduced, and in case of increase of the distance x  of the cross 

section of the root from the point of conditional attachment with 1xx¢  it is increased, 

and with 1xx²  it almost doesnôt change. 

Fig. 4 shows the given relation for a number of specific cross sections of the root, 

in particular: for x = 0.07 m; 0.1 m; 0.12 m; 0.15 m (point of gripping). 

On the given graph we can quite clearly see the tendency of increase of the 

amplitude of the forced longitudinal oscillations  in case of increase of the distance of 

the cross section from the conditional point of attachment and the tendency of its 

reduction due to increase of the coefficient c of the elastic deformation of the 

surrounding soil. 
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For example, with x = 0.07 m and change of the coefficient c within the limits 

c = 0é20Ὴ105 N m-3, the amplitude is changed within the limits of 0.7é0.47 mm; 

with x = 0.1 m ï within the limits of 0.99é0.67 mm; with x = 0.12 m ï within the 

limits of 1.19é0.81 mm; with x = 0.15 m (point of gripping) ï within the limits of 

1.49é1.01 mm. 
 

 
 

Figure 4. Relation between the amplitude of the forced longitudinal oscillations of the root as 

an elastic body and the distance x  of the cross section of the conditional point of attachment 

1xx¢ , 20=n Hz. 

 

 
 

Figure 5. Relation between the amplitude of the forced longitudinal oscillations of the root as 

an elastic body and the distance x  of the cross section from the conditional point of attachment 

),( 1xx²  20=v Hz. 

 


